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Virtual pull-backs
Cristina Manolache
Abstract
We propose a generalization of Gysin maps for DM-type morphisms
of stacks F → G that admit a perfect relative obstruction theory E•F/G,
which we call a “virtual pull-back”. We prove functoriality properties
of virtual pull-backs. As applications, we analyze Gromov-Witten in-
variants of blow-ups and projective bundles.
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1 Introduction
Given a regular embedding of schemes i : X → Y one can construct a “well-
behaved” morphism (i.e. a bivariant class) i! : A∗(Y )→ A∗(X) by applying
the Fulton-MacPherson construction (see [9], Chapter 6). The construction
of this morphism can be generalized to the following setting. If i : X → Y
is a closed embedding of schemes and CX/Y ⊂ E is a closed embedding of
the normal cone of i into a rank-r vector bundle, then these data determine
a “well-behaved” morphism i! : A∗(Y )→ A(∗−r)(X) (see Example 17.6.4 in
[9]).
The main result of this paper generalizes Fulton’s example to stacks and to
a larger class of morphisms. These generalizations allow us to view virtual
classes (see [23], [3]) as generalized pull-backs. This approach will allow us
to deduce certain relations between Gromov-Witten invariants, which were
the initial reasons for doing this work.
It should be said that the idea is not entirely new, although we did not find
this approach in the literature. The main inspiration point was the “functo-
riality property of the Behrend-Fantechi class” of Kim, Kresch and Pantev
in [15]. Also, a similar situation appears in Jun Li’s [M,N ]virt-construction
(see [22]).
When this paper was in an advanced state, we have been informed of Hsin-
Hong Lai’s paper on “Gromov-Witten invariants of blow-ups along manifolds
with convex normal bundle” ([20]). The ideas there are basically the same,
with a slightly different flavor. We hope, however, that our point of view
will contribute to a clear understanding of this subject.
In the first section we recall the notions of normal cones of Behrend-Fantechi
and Kresch and prove that these two notions are canonically isomorphic.
This allows us to use Kresch’s “deformation to the normal cone” in the con-
text of “intrinsic normal cones”.
The main idea of the second section is to replace the normal sheaf NF/G
of a morphism of stacks f : F → G with a “virtual normal bundle”. The
appropriate context for this is given by obstruction theories. Precisely, if
f is a DM-type morphism of Artin stacks (see Definition 2.1) which ad-
mits a perfect relative obstruction theory E•F/G (see [3]), then we take the
virtual normal bundle to be h1/h0((E∨F/G)
•). Using this, we obtain a well-
defined morphism f ! : A∗(G)→ A∗(F ), that we call a virtual pull-back. As
a byproduct of our construction we obtain a generalized notion of virtual
fundamental class which applies to some examples of Artin stacks.
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In Section 3 we show that the virtual pull-back satisfies the usual compat-
ibility conditions. Moreover, when we deal with stacks possessing virtual
classes we prove that subject to a very natural compatibility relation be-
tween obstructions (see Definition 4.5) the construction gives a map that
sends the virtual class of G to the virtual class of F . The statement may
also be seen as a generalization of the functoriality property in [3] and [15].
As an application we provide the answer to a very natural question. Given a
smooth projective variety X and its blow-up p : X˜ → X along some smooth
projective subvariety, we would like to know when do certain Gromov-Witten
invariants of X and X˜ agree. More precisely, if we start with a given ho-
mology class β ∈ A1(X) and a collection of cohomology classes γi ∈ A
∗(X),
then we can associate a “lifted” homology class in A1(X˜) (see Definition 5.10
for a precise statement) and cohomology classes p∗γi ∈ A
∗(X˜). One could
expect that the Gromov-Witten invariants associated to these data should
be equal. This was first analyzed by Gathmann ([10]) where X was a convex
space and Y a point and by Hu ([12], [14]) where it was treated the blow-up
along points, curves and surfaces. Recently, it was shown and by Lai ([20])
that (subject to a minor condition) the expectation is true for genus zero
Gromov-Witten invariants of blow-ups along subvarieties with convex nor-
mal bundles. Our idea is to show the equality of rational Gromov-Witten
invariants for X convex and then “pull the relation back” to an arbitrary
X (see Proposition 5.14). The statement we get should be compared with
Theorem 1.6 in [20].
The second application concerns rational Gromov-Witten invariants of pro-
jective bundles pX : PX(V ) → X. These were studied by Ruan and Qin
([26]) where X was taken to be a projective space and by Elezi ([6], [7])
when V is a split bundle and X is a toric variety. Here, we analyze the map
induced by pX between the corresponding moduli spaces of stable maps to
PX(V ) and X.
We also show that a particular case of Costello’s push-forward formula fol-
lows as an easy consequence of our formalism.
Notation and conventions. We work over a fixed ground field.
An Artin stack is an algebraic stack in the sense of [21] of finite type over
the ground field. For simplicity we will call Deligne –Mumford stacks DM
stacks.
Unless otherwise specified we will try to respect the following convention:
we will usually denote schemes by X, Y, Z, etc, Artin stacks by F, G, H,
etc. and Artin stacks for which we know that they are not Deligne-Mumford
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stacks (such as the moduli space of genus-g curves or vector bundle stacks)
by gothic letters Mg, E, F, etc.
By a commutative diagram of stacks we mean a 2-commutative diagram of
stacks and by a cartesian diagram of stacks we mean a 2-cartesian diagram
of stacks.
Chow groups for schemes are defined in the sense of [9]; this definition has
been extended to DM stacks (with Q-coefficients) by Vistoli ([27]) and to
algebraic stacks (with Z-coefficients) by Kresch ([19]). We will consider
Chow groups (of schemes/stacks) with Q-coefficients.
For a fixed stack F we denote by DF the derived category of quasicoherent
OF modules. Unless otherwise specified, we will denote the derived functors
Lf∗, Rf∗, RHom, etc. by f
∗, f∗, Hom, etc.
For a fixed stack F we denote by LF its cotangent complex defined in [25].
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2 Preliminaries
2.1 Intrinsic normal cones to DM-type morphisms
2.1.1 Background
DM-type morphisms
Definition 2.1. A morphism f : F → G of Artin stacks is called of Deligne-
Mumford type (or shortly of DM-type) if for any morphism V → G, with V
a scheme, F ×G V is a Deligne-Mumford stack.
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Remark 2.2. Let us consider the following Cartesian diagram
F ′
f ′ //

G′

F
f // G.
(1)
If f is a DM-type morphism, then f ′ is a DM-type morphism.
Remark 2.3. Let f : F → G be morphism of stacks and let Lf be the relative
cotangent complex. Then f is of DM-type if and only if Lf ∈ D
≤0
F
Obstruction Theories
Definition 2.4. Let E• ∈ D≤0F . E
• is said to be of perfect amplitude if
there exists n ≥ 0 such that E• is locally isomorphic to [E−n → ... → E0],
where ∀i ∈ {−n, ..., 0}, Ei is a locally free sheaf.
Definition 2.5. Let E• ∈ D≤0X . Then a homomorphism Φ : E
• → L• in
DF is called an obstruction theory if h
0(Φ) is an isomorphism and h−1(Φ)
is surjective. If moreover, E• is of perfect amplitude, then E• is called a
perfect obstruction theory.
Convention 2.6. Unless otherwise stated by a perfect obstruction theory
we will always mean of perfect amplitude contained in [−1, 0].
Cone stacks
Definition 2.7. Let X be a scheme and F be a coherent sheaf on X. We
call C(F) := SpecSym(F) an abelian cone over X.
As described in [3], Section 1, every abelian cone C(F) has a section
0 : X → C(F) and an A1-action.
Definition 2.8. An A1-invariant subscheme of C(F) that contains the zero
section is called a cone over X.
Similarly, Behrend and Fantechi define in [3] Section 1, abelian cone
stacks and cone stacks. Let us recall the definition.
Definition 2.9. Let F be a stack and let E• := [E0 → E1] be an element
in DF such that E
i is an abelian sheaf for i = 0, 1 and hi(E•) is coherent
for i = 0, 1. We call the stack quotient [E1/E0] (in the sense of [3] Section
2) an abelian cone stack over stack F .
A cone stack is a closed substack of an abelian cone stack invariant under
the action of A1 and containing the zero section.
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Convention 2.10. From now on, unless otherwise stated, by cones we will
mean cone-stacks.
Example 2.11. (i) Let i : X → Y be a closed embedding of schemes. If
I denotes the ideal sheaf of X in Y , then NX/Y = SpecSym I/I
2 is called
the normal sheaf of X in Y and CX/Y := Spec ⊕k≥0 I
k/Ik+1 →֒ NX/Y is
called the normal cone of X in Y .
(ii) If f : F → G is a local immersion of DM-stacks, then Vistoli defines
(see [27], Definition 1.20) the normal cone to f as described below. Let us
consider a commutative diagram
U
f˜ //

V

F
f // G
(2)
with U , V schemes, the upper horizontal arrow a closed immersion and the
vertical arrows e´tale. Then CF/G is the cone obtained by descent from CU/V .
Note that CF/G →֒ NF/G = SpecSym h
−1(LF/G).
2.1.2 Intrinsic normal cones
Definition 2.12. Let f : F → G be a DM-type morphism and let LF/G ∈
ob D(OF ) be the cotangent complex. Then we denote the stack
h1/h0(L∨F/G) := h
1/h0(τ[0,1](L
∨
F/G))
(see [3]) by NF/G and we call it the intrinsic normal sheaf.
Proposition 2.13. (Behrend-Fantechi) Let us consider diagram (2) with F
a Deligne-Mumford stack, the upper horizontal arrow a closed immersion,
U → F an e´tale morphism and V → G a smooth morphism. Then for any
U and V as above, there exists a unique cone-stack CF/G ⊂ NF/G such that
CF/G ×F U = [CU/V /f˜
∗TV/G].
Definition 2.14. We call CF/G the intrinsic normal cone to f .
Remark 2.15. The notion of intrinsic normal cone to a morphism F → G
from a Deligne-Mumford stack to an Artin stack has been introduced in [3]
under the hypothesis G is smooth. However, this hypothesis is not used in
the construction of the cone. This restriction is only needed in [3] in order
to define a virtual class (see 3.12 in the next section).
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Lemma 2.16. Let
F ′
f ′ //
p

G′
q

F
f // G
be a commutative diagram of Artin stacks with f and f ′ of DM-type. Then,
the natural morphism p∗LF/G → LF ′/G′ in [25] induces morphism of abelian
cone stacks
β : NF ′/G′ → p
∗NF/G.
Proof. The morphism p∗LF/G → LF ′/G′ induces a morphism of abelian cone
stacks
h1/h0(L∨F ′/G′)→ h
1/h0((p∗LF/G)
∨). (3)
Using simplicial resolutions we can represent LF/G by a complex of vector
bundles [... → E−2 → E−1 → E0] of amplitude [−∞, 0]. By [3] we have
that
h1/h0((p∗LF/G)
∨) ≃ h1/h0((τ[−1,0]p
∗LF/G)
∨).
Let us denote by Coker the Cokernel of the map E−2 → E−1. We have that
p∗Coker is the Cokernel of the map p∗E−2 → p∗E−1. This shows that
h1/h0((τ[−1,0]p
∗LF/G)
∨) =
C(p∗Coker)
C(p∗E0)
≃
p∗C(Coker)
p∗C(E0)
≃ p∗h1/h0(LF/G
∨).
(4)
Let us now conclude the proof. The isomorphism in 4 together with the
morphism in 3 gives an ismorphism
h1/h0(L∨F ′/G′)→ p
∗h1/h0(L∨F/G).
Remark 2.17. In notations as in 2.16 let p : F ′ → F be an e´tale morphism,
G′ = G and q the identity morphism. Then, β : NF ′/G → p
∗NF/G is an
isomorphism. To see this let us consider the distinguished triangle
p∗LF/G → LF ′/F → LF ′/G → p
∗LF/G[1].
The claim follows from the fact that LF ′/F = 0.
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Proposition 2.18. Let
F ′
f ′ //
p

G′
q

F
f // G
be a commutative diagram with F , F ′ DM-stacks stacks. Then, the mor-
phism of Lemma 2.16 induces a morphism of cone stacks α : CF ′/G′ →
p∗CF/G. If the diagram is cartesian, then α is a closed immersion. If more-
over, q is flat, then α is an isomorphism.
Proof. This is a generalization of Proposition 7.1 in [3] where the authors
treat the case G and G′ are smooth. We will prove it in several steps.
Step 0. If f and f ′ are local embeddings of DM-stacks the claim follows
from [27] Section 1.
Step 1. Given F ′
p
→ F
f
→ G morphisms we show that the natural morphism
NF ′/G → p
∗NF/G induces a morphism CF ′/G → p
∗CF/G. We can check the
statement locally. For this, let r : U → F be an e´tale affine chart and let M
be a scheme such that j : U →֒M is a closed embedding. Moreover, we can
choose M smooth over G such that the following diagram
U
j //
r

M

F //// G
commutes. In the same way we choose N smooth over M such that U ′ :=
U ×F F
′ →֒ N is a closed embedding. Putting all together we have a
commutative diagram
N
π

M

U ′
s //
i
>>}}}}}}}}}}}}}}}}}}
U //
j
>>}}}}}}}}
G
with i and j closed embeddings. Using Step 0 for these maps we obtain
a morphism CU ′/N → s
∗CU/M . On the other hand we have a morphism
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TN/G → π
∗TM/G. From the commutative diagram
i∗TN/G //

CU ′/N

s∗j∗TM/G // s
∗CU/M
we obtain a morphism [CU ′/N/i
∗TN/G]→ [s
∗CU/M/s
∗j∗TM/G] and therefore
the conclusion.
Step 2. Let us first treat the case in which the given diagram is cartesian.
From Lemma 2.16 is is enough to show that the natural morphism β :
NF ′/G′ → p
∗NF/G restricts to β : CF ′/G′ → p
∗CF/G. This statement can be
checked locally. As before, let r : U → F be an affine chart, V a scheme
such that i : U →֒ V is a closed embedding and V smooth over G. Let us
now consider V ′ = V ×G G
′. Then we have the following cartesian diagram
U ′ //
s

V ′ //

G′
q

U
i // V // G.
(5)
As U → V is a closed embedding, so is U ′ → V ′. Using Step 0, we obtain a
closed embedding of cones α : [CU ′/V ′/(TV ′/G′)|U ′ ] → [s
∗CU/V /(TV ′/G′)|U ′ ].
From the isomorphism (TV ′/G′)|U ′ ≃ s
∗i∗TV/G we obtain a closed embedding
CU ′/G′ → s
∗CU/G.
If moreover, q is flat, the proof follows from the corresponding statement in
Step 0.
Step 3. Let us consider F ′′ := F ×G G
′ with canonical maps p′ : F ′ →
F ′′ and p′′ : F ′′ → F which satisfy p = p′′ ◦ p′. By Step 2, we have a
morphism CF ′′/G′ → p
′′∗CF/G and by Step 1 we have a natural morphism
CF ′/G′ → p
′∗CF ′′/G′ . Composing the two morphisms we obtain a morphism
CF ′/G′ → p
∗CF/G.
Remark 2.19. Let us consider diagram 5. By [3] a morphism of cones
CU ′/V ′ → s
∗CU/V is a closed immersion if and only if the induced morphism
NU ′/V ′ → s
∗NU/V is a closed immersion. This shows that CU ′/G′ → p
∗CU/G
is a closed immersion if and only if NU ′/G′ → p
∗NU/G is a closed immer-
sion. As being a closed immersion can be checked (e´tale) locally we see that
CF ′/G′ → p
∗CF/G is a closed immersion if and only if NF ′/G′ → p
∗NF/G is a
closed immersion.
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In the following we generalize the notion of intrinsic normal cone to
a DM-type morphism f : F → G to the case F is an Artin stack (not
necessarily a DM-stack).
Construction 2.20. Let us consider the following commutative diagram
U
r
 @
@@
@@
@@
F
f // G
(6)
with f a DM-type morphism, U a scheme and r a smooth morphism. By
Lemma 2.16 we have a morphism
γ : NU/G → r
∗NF/G. (7)
Let us consider the restriction γ˜ : CU/G → r
∗NF/G. We denote the image of
γ˜ by CF/G|U and we call it the local normal cone on U of F to G .
Let us now show that local normal cones glue. For this, we need the
following easy lemma.
Lemma 2.21. Let us consider the following commutative diagram
U ′
r′

0
0
0
0
0
0
0
0
0
0
0
0
0
0
U
r
   A
AA
AA
AA
A
F
f // G
with r and r′ smooth morphisms. Then CF/G|U×UU
′ is naturally isomorphic
to CF/G|U ′ .
Proof. The claim easily reduces to showing that the following diagram is
commutative
CU ′/G //

(r ◦ r′)∗NF/G

r′∗CU/G // (r ◦ r
′)∗NF/G
and this is obvious from the corresponding diagram between normal sheaves.
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This lemma shows that there exists a unique closed subcone CF/G →֒
NF/G such that for every diagram (6) we have CF/G ×F U = CF/G|U .
Definition 2.22. The cone CF/G is called the intrinsic normal cone of f ,
or when there is no risk of confusion the intrinsic normal cone of F to G.
Remark 2.23. Let us consider diagram (6) with F a DM-stack and r : U → F
an e´tale morphism. By restricting the natural isomorphismNU/G → r
∗NF/G
to CU/G (see Remark 2.17) we obtain an isomorphism of cones CU/G →
r∗CF/G. This shows that when F is a DM-stack Cf of Definition 2.22 is
canonically isomorphic to Cf of Definition 2.14.
Remark 2.24. Let us consider diagram (6), with r a smooth morphism. By
Proposition 2.18 and Remark 2.19 we obtain a closed embedding CU/F →
CU/G. This shows that the sequence 0 → NU/F → NU/G → NF/G|U → 0
induces the exact sequence of cones (in the sense of Definition 1.12 in [3])
0→ NU/F → CU/G → CF/G|U → 0. (8)
Remark 2.25. Alternatively to Construction 2.20 one can define CF/G|U by
the sequence 8.
Proposition 2.26. Let
F ′
f ′ //
p

G′
q

F
f // G
be a commutative diagram of Artin stacks with f of DM-type. Then, there
is an induced morphism of cone stacks α : CF ′/G′ → p
∗CF/G. If moreover,
the diagram is cartesian, then α is a closed immersion. If q is flat, then α
is an isomorphism.
Proof. Let U → F a smooth scheme over F and U ′ := U ×F F
′. Consider
U ′ = U ×F F
′. From the commutative diagram
U ′ //
q

F ′

// G′
q

U // F // G
and Proposition 2.18 we obtain a morphism
CU ′/G′ → q
∗CU/G. (9)
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Using sequence (8) for CF/G|U and CF ′/G′ |U ′ we see that the morphism
(9) induces a morphism CF ′/G′ |U ′ → q
∗CF/G|U which glues to a morphism
CF ′/G′ → q
∗CF/G from the corresponding morphism between normal sheaves.
If the diagram is cartesian and if moreover, q is flat, the proof follows simi-
larly.
2.2 Normal cones to DM-type morphisms
A key tool is Kresch’s notion of normal cone of a morphism, which we now
recall. Let f : F → G be a morphism of DM-type. The normal cone of f ,
denoted Cf or CF/G was defined by Kresch in [19], section 5.1 under the
assumption f representable and locally separated; it is a cone stack over
F . In [18], Section 5.1 and in the proof of Proposition 1 in [15], Kresch
mentions that the definition of Cf and its abelian hull Nf extends to DM-
type morphisms. We spell out the definition.
Lemma 2.27. Let f : F → G be a DM-type morphism of Artin stacks.
Then one can construct a commutative diagram (not unique)
U
f˜ //

V

F
f // G
(10)
where U and V are schemes, the vertical arrows are smooth surjective and
the top arrow U → V is a closed immersion.
Proof. LetW be a smooth atlas of G. As f is a DM-type morphism F×GW
is a DM-stack. Let U be an affine e´tale atlas of F ×GW . Then, there exists
a smooth scheme M such that U →֒ M is a closed embedding of schemes.
Taking V to beM ×W , we obtain the following commutative diagram with
the vertical arrows smooth morphisms and the natural map f˜ : U → V a
closed immersion
U
f˜ //
e´t

V :=M ×W

F ×G W

//W

F
f // G.
(11)
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Lemma 2.28. Let R := U ×F U and S := V ×G V , where U and V are
defined in the proof of the previous Lemma. Then the natural map R → S
is a locally closed immersion.
Proof. We can factor the morphism R→ S as R→ U×GU → S = V ×G V .
The last map is a closed immersion. Let us now show that the first map is a
locally closed immersion. But this follows easily from Proposition 2.26 and
the fact that the following diagram is Cartesian
U ×F U //

U ×G U

F
∆ // F ×G F.
(12)
Proposition 2.29. (Kresch) Let us consider the cone CR/S . There are
natural morphisms making CR/S ⇒ CU/V into a smooth groupoid in the
category of schemes.
Proof. (Sketch) Let q1, q2 : S → V be the obvious projections. Then we
have natural maps
R = U ×F U → U ×G U → U ×G V ≃ U ×V S,
the last isomorphism depending on qi. These maps induce natural maps
s1, s2 : CR/S → CU/V
CR/S ⇒ (CU×V S/S)×U×V S R ≃ CU/V ×U R→ CU/V . (13)
In the same manner as in [18] Section 5.1 the maps si are smooth and
determine a groupoid.
In a completely analogous manner one can define a groupoid [NR/S ⇒
NU/V ], where NR/S , NU/V are the normal sheaves (where the normal sheaf
NR/S is the abelian hull of the normal cone CR/S of [27], Definition 1.20).
This groupoid defines a stack that we denote NF/G.
Definition 2.30. Let CF/G be the stack associated to the groupoid [CR/S ⇒
CU/V ] and NF/G the stack associated to the groupoid [NR/S ⇒ NU/V ]. We
call CF/G the normal cone of f and NF/G the normal sheaf of f .
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Theorem 2.31. (Kresch) Let f : F → G be a DM-type morphism of Artin
stacks. One can define a deformation space, i.e. a flat morphism M◦FG→ P
1
with general fibre G and special fibre the normal cone CF/G. Moreover, for
any cartesian diagram
F ′
f ′ //

G′

F
f // G
there exists an induced morphism M◦F ′G
′ → M◦FG that fits into a cartesian
diagram
CF ′/G′ //

M◦F ′G
′

CF/G //M
◦
FG
Proof. A detailed proof can be found in [19], proposition 13.52 for locally
closed immersions. Let us sketch the construction in the general case. As in
the case of cones there are natural morphisms making M◦R/S ⇒ M
◦
U/V into
a smooth groupoid. Let us denote by M◦F/G the stack (in general it is not
algebraic) associated to the groupoid [M◦R/S ⇒M
◦
U/V ].
Let us consider the diagram in Lemma 2.27. Taking V ′ := V ×G G
′ and
U ′ := U ×V V
′ we obtain a similar diagram for f ′. This gives a morphism
of groupoids M◦F ′/G′ →M
◦
F/G which induces a morphism of cones CF ′/G′ →
CF/G. The diagram we obtain it can be easily seen to be cartesian.
Remark 2.32. From Theorem 2.31 it follows that whenever G is of pure
dimension r, then CF/G is again of pure dimension r.
Let us now compare the normal cone defined by Kresch with the intrinsic
normal cone. The following Lemma in probably well-known to experts,
but as we did not find it in the literature, we give a detailed proof for
completeness.
Proposition 2.33. If f : F → G is a DM-type morphism, then the cone
stack NF/G of Definition 2.30 is canonically isomorphic to the intrinsic nor-
mal sheaf NF/G of Definition 2.12 and CF/G is canonically isomorphic to
the intrinsic normal cone CF/G of Definition 2.14.
Proof. We divide the proof in several cases. In what follows we use the no-
tation “=” for canonical isomorphisms.
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Case 1. If f is a closed embedding of schemes the statement is trivial.
Case 2. If f is a local embedding of DM stacks, then NF/G and CF/G
are obtained by descent on F (see [27]) and hence it suffices to check the
statement locally. This shows that the statement follows by the first case.
Case 3. Let us show that NF/G = NF/G when F is a DM stack, G an
Artin stack and f factors as
W

F
i
>>}}}}}}}} f // G
with i a local embedding andM a smooth stack. ThenNF/G = NF/W /i
∗TW/G.
Let us take p : U → F , V e´tale covers of F and W such that f lifts to a
closed embedding of schemes f˜ : U → V . Then, it suffices to show we have
an isomorphism
NU/V ×NF/W /i∗TW/G NU/V ≃ NU×FU/V×GV
compatible with the groupoid structure. For this, we see the first term is
isomorphic to f˜∗TW/G×NU/V ×NF/WNU/V and using V →W is e´tale we ob-
tain the first term is isomorphic to f˜∗TW/G×NU×FU/V . On the other hand,
we know by the previous case that NU×FU/V×GV is canonically isomorphic
to NU×FU/V×GV for which we know it is isomorphic to NU×FU/V × f˜
∗TV/G.
This shows NF/G = NF/G.
Case 4. In general, we showNF/G = NF/G. The proof is very similar to Case
3, above. Let us consider diagram (11) with the diagonal map g : U → G.
As g factors a closed embedding followed by a smooth morphism we have
by Case 3 that
NU/G = NU/G = NU/V /TV/G|U . (14)
In order to analyze the lower triangle of diagram (11), we consider the
distinguished triangle of relative cotangent complexes
p∗LF/G → LU/G → LU/F → p
∗LF/G[1].
As p : U → F is smooth it is easy to see that we are in the conditions of
Proposition 2.7 in [3] and thus we get a short exact sequence of intrinsic
normal sheaves
0→ NU/F → NU/G → p
∗NF/G → 0. (15)
15
By (14) and (15), in a similar way as before we get local isomorphisms
NU/V ×NU/G NU/V ≃ NU/V×GV . (16)
Moreover, the same equations (14) and (15) give a smooth morphism of
abelian cone stacks NU/V → NF/G and in a completely analogous fashion
we get morphisms of abelian cone stacks NU×FU/V×GV → NU/V . This shows
we obtain a morphism of abelian cone stacks
NU×FU/V×GV → NU/V ×NF/G NU/V .
By equation (16), this morphism is a local isomorphism and thus we have
an isomorphism NU/V ×NF/G NU/V ≃ NU×FU/V×GV . Checking the diagram
below is commutative
NU×FU/V×GV
// //

NU/V

NU/V ×NF/G NU/V
// // NU/V
we obtain an isomorphism of groupoids and therefore the conclusion.
Case 5. By Case 4 above, it is enough to check that CF/G is canoni-
cally isomorphic to the relative intrinsic normal cone CF/G locally. For this,
we look at the groupoid [CU/V×GV ⇒ CU/V ] with the two maps obtained
by replacing F with U . It is easy to see that NU/V×GV is isomorphic to
NU/V × f˜
∗TV/G. Via this isomorphism, the two maps defining the groupoid
are the projection and the natural action of f˜∗TV/G on CU/V . This shows
CF/G is locally isomorphic to [CU/V /f˜
∗TV/G] and therefore the claim fol-
lows.
Remark 2.34. By the above Lemma we are allowed to identify the normal
cone to a morphism with the intrinsic normal cone. In particular, the above
Lemma shows that Definition 2.30 is independent of the choice of U and
V in diagram (11). Although normal cones are cone stacks, we will use for
simplicity the notation CF/G instead of CF/G.
If X is a scheme, E is a vector bundle on X and i : X → E is the
zero section, then CX/E is naturally isomorphic to E. We prove a series of
successive generalizations of this result.
Example 2.35. Let G be a DM-stack, E a vector bundle on G and G→ E
the zero section. Then CG/E is canonically isomorphic to E.
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Proof. Let V be an e´tale atlas of G and EV the pull-back of E to V , then
we can construct a commutative diagram as above and CG/E is obtained by
descent from CV/EV ≃ EV . This shows that CG/E is canonically isomorphic
to E.
Example 2.36. Let F
f
→ G be a DM-type morphism and p : E → G a
vector bundle on G. Let i : G → E be the zero section, and let g : F → E
be g := i ◦ f . Then CF/E is canonically isomorphic to CF/G ×F f
∗E.
Proof. Let us consider the distinguished triangles corresponding to g and f
respectively. The morphism i induces a morphism i∗LE → LG and therefore
we obtain the following morphism of distinguished triangles
f∗i∗LE //

LF //

LF/E //

f∗i∗LE [1]

f∗LG // LF //
OO
LF/G // f∗LG[1]
.
Using p instead of i we obtain in the same way a morphism LF/G → LF/E
and thus we get a morphism f∗LG/E ⊕ LF/G → LF/E. To show it is an
isomorphism it suffices to show the statement locally. As we may assume G
is an affine scheme, it is easy to see that i∗LE = LG ⊕ E
∨. On the other
hand, LG/E = [E
∨ → 0], where E∨ stays in degree −1 and therefore we
reduced the problem to showing the triangle
f∗LG ⊕ E
∨ → LF → LF/G ⊕ [f
∗E∨ → 0]
is distinguished. But this follows trivially from the definition of the map-
ping cone. This shows that h1/h0(L∨F/E) is isomorphic to h
1/h0(L∨F/G) ×F
h1/h0(f∗L∨G/E). We have thus obtained CF/E is isomorphic to CF/G ×F
f∗E.
Example 2.37. Let F
f
→ G be DM-type morphism, E := E1/E0 a vector
bundle stack on G. Let G
i
→ E denote the zero section. If g : F → G is the
composition F
f
→ G
i
→ E, then CF/G is naturally isomorphic to CF/G×F f
∗E
Proof. Using the above factorization of the morphism F → G, we see that
CF/E = [CF/E1/E
0]. Using the previous example for CF/E1 , we obtain that
the normal cone of F in E is isomorphic to CF/G ×F f
∗E.
We include two examples in which the normal cone is a vector-bundle
stack.
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Example 2.38. Let F → G be a smooth morphism of DM-stacks. Then
CF/G is isomorphic to [F/TF/G], hence it is a vector bundle stack.
Example 2.39. Let X
f
→ Y be a morphism of smooth schemes. Then, U
and V above can be taken to be X and X × Y as below
X
id×f //

X × Y
π2

X // Y
where π2 is the projection on Y . It is then easy to see that the normal cone
is [NX/X×Y /TX ] that is a vector bundle stack.
3 Construction
In the following we will use a result of Kresch.
Proposition 3.1. ([18], Proposition 5.3.2) Let F admit a stratification by
global quotients (see [18], Definition 3.5.3). Then, for any vector bundle
stack E, we have a canonical isomorphism s∗ : A∗(F )→ A∗(E) .
Remark 3.2. Every DM-stack admits a stratification by global quotients.
If G admits a stratification by global quotients and F → G is a DM-type
morphism then F admits a stratification by global quotients.
3.1 Definition of virtual pull-backs
Condition 3.3. We say that a morphism f : F → G of algebraic stacks
and a vector bundle stack E→ F satisfy condition (⋆) if
1. f is of DM-type,
2. we have fixed a closed embedding i : Cf →֒ E.
Convention 3.4. Will say in short that the pair (f,E) satisfies condition
(⋆).
Remark 3.5. Let us consider a Cartesian diagram
F ′ //
p

G′
q

F
f // G.
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If E is a vector bundle on F such that CF/G →֒ E is a closed embedding,
then CF ′/G′ →֒ p
∗E is a closed embedding.
Construction 3.6. Let F be an Artin stack which admits a stratification
by global quotient stacks and E a vector bundle stack of (virtual) rank n on
F such that (f,E) that satisfies condition (⋆) for f , we construct a pull-back
map f !E : A∗(G)→ A∗−n(F ) as the composition
A∗(G)
σ
→ A∗(CF/G)
i∗→ A∗(E)
s∗
→ A∗−n(F ).
where
1. σ is defined on the level of cycles by σ(
∑
ni[Vi]) =
∑
ni[CVi×GF/Vi ]
2. i∗ is the push-forward via the closed immersion i
3. s∗ is the morphism of Proposition 3.1.
By Proposition 2.26 we have a closed embedding of cones
CVi×GF/Vi →֒ CF/G.
The fact that σ is well defined is a consequence of Theorem 2.31 (see [18]
Section 3 for local immersions and Section 5 for the general case).
Going further, for any cartesian diagram
F ′
f ′ //
p

G′
q

F
f // G
such that F ′ admits a stratification by global quotient stacks and E → F
satisfies condition (⋆) for f , let f !E : A∗(G
′)→ A∗−n(F
′) be the composition
A∗(G
′)
σ
→ A∗(CF ′/G′)
α
→ A∗(CF/G ×F F
′)
i∗→ A∗(p
∗E)
s∗
→ A∗−n(F
′)
where α is the morphism from Proposition 2.26.
Definition 3.7. In the notation above, we call f !E : A∗(G) → A∗(F ) a
virtual pull-back. When there is no risk of confusion we will omit the index.
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Remark 3.8. In this remark we do not respect Convention 2.10. If E is a
vector bundle such that (f,E) satisfies (⋆), then the above construction can
be applied to any Artin stack F . It is clear that in order to have E a vector
bundle Nf must necessarily be a cone.
If f is a locally closed embedding, then Nf is a cone. Under this assumption
if E is a vector bundle such that (f,E) satisfies (⋆), then it is not necessary to
ask F to admit a stratification by global quotient stacks (see [17], Theorem
2.1.12 (vi)).
Remark 3.9. Note that in case X, Y are schemes such that X is regularly
embedded in Y , then the normal bundle of X in Y satisfies condition ⋆ and
i!NX/Y is precisely the refined Gysin pull-back of [9], Section 6.2. We remark
that the pull-back depends on the chosen bundle. For example, if (i, E)
satisfies condition (⋆) we can construct i!E⊕E′ , where E
′ is any other vector
bundle. These morphisms will be obviously different from each other.
Remark 3.10. If f : X → Y is a smooth morphism of schemes, then by
Example 2.38 CX/Y is a vector bundle stack and hence we can construct
the associated virtual pull-back f !CX/Y : A∗(Y )→ A∗(X). This has already
been defined in [18] and it is proved that the definition agrees with the usual
flat pull-back (see e.g. [9]).
Proposition 3.11. If F
f
→ G is a DM-type morphism and there exists a
perfect relative obstruction theory E•F/G, then condition (⋆) is fulfilled.
Conversely, if F
f
→ G is a morphism that satisfies condition (⋆), then
there exists a perfect obstruction theory E•F/G → LF/G such that E =
h1/h0(E•F/G
∨) which is unique up to quasi-isomorphism.
Proof. By Proposition 2.33, the normal sheaf NF/G is nothing but NF/G,
so the first statement follows from the definitions. Conversely, given E a
vector bundle stack with a closed embedding i : CF/G → E, we obtain an
injective morphism between the abelian hulls of CF/G and E which means
an injective morphism of cones NF/G → E. On the other hand, giving a
vector bundle stack E is equivalent to giving a perfect complex E•F/G such
that E := h1/h0(E•F/G
∨). By [3], Theorem 4.5 we have a closed embedding
of abelian cone stacks
NF/G → h
1/h0(E•F/G
∨)
if and only if E•F/G is an obstruction theory.
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Corollary 3.12. If F
f
→ G is a DM-type morphism such that there exists a
perfect relative obstruction theory E•F/G and G is a stack of pure dimension,
then f !E•
F/G
([G]) is a virtual class of F in the sense of [3].
3.2 A fundamental example of Obstruction Theory
The purpose of this section is to explain an example of obstruction theory
which will play a fundamental role in the last section of this paper.
Construction 3.13. Let f : F → G be a DM-type morphism and let F and
G be DM-stacks having relative obstruction theories with respect to some
smooth Artin stack M. Let us denote them by E•F/M and E
•
G/M respectively.
Given a morphism ϕ : f∗E•G/M → E
•
F/M commuting with f
∗LG/M → LF/M,
we construct a relative obstruction theory E•F/G.
The morphism f : F → G induces a distinguished triangle of cotangent
complexes
f∗LG/M → LF/M → LF/G → f
∗LG/M[1].
Similarly, ϕ gives rise to a distinguished triangle
f∗E•G/M
ϕ
→ E•F/M → E
•
F/G → f
∗EG/M[1] (17)
hence we have a morphism of distinguished triangles that induces the
following morphism in cohomology
h−1(f∗E•
G/M
) //

h−1(E•
F/M
)

//

h−1(E•
F/G
) //

h0(f∗E•
G/M
) //

h0(E•
F/M
)

//

h0(E•
F/G
)

h−1(f∗L•
G/M
) // h−1(L•
F/M
) // h−1(L•
F/G
) // h0(f∗L•
G/M
) // h0(L•
F/M
) // h0(L•
F/G
)
We know that the first two vertical arrows are surjective and by the definition
of obstruction theories we get by a simple diagram chase that E•F/G is also
an obstruction theory.
Remark 3.14. Let us note that the morphism of mapping cones E•F/G →
LF/G is not unique in D
≤0
F and therefore this procedure gives many different
relative obstruction theories.
Remark 3.15. If G is smooth over M and E•G/M is trivial (i.e. E
•
G/M =
L•G/M), then the above diagram shows that EF/G is perfect in [−1, 0].
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Example 3.16. A special case of this construction is when F → G is a
locally closed immersion and G is taken to be smooth over M. Taking
h−1(f∗E•G/M) = 0 we obtain that h
−2(E•F/G) = 0. This makes E
•
F/G into
a perfect obstruction theory concentrated in degree −1 and consequently E
into a vector bundle.
Let us now motivate Definition 3.7. For this, let us assume E•F/M and
E•G/M are perfect in [−1, 0]. Then on F and G we have well defined virtual
classes [F ]virt and [G]virt respectively and we will show in the following that
f !
E∨
F/G
sends the virtual class of G to the virtual class of F . As remarked in
the previous example, the situation is particularly nice when G is taken to
be smooth over M.
Example 3.17. The basic case.
In the notation above, let us suppose G is smooth and F
i
→֒ G is a closed
substack and there exists a morphism f∗LG
ϕ
→ E•F . Suppose M has pure
dimension. Let E•F/G be the cone of ϕ. By Construction 3.13 it is a perfect
obstruction theory for i. Then we have
(i) (CF/G, E
•
F/G) induces the same virtual class on F as (CF/M, E
•
F/M).
(ii) The pull back defined by E•F/G respects the relation
i![G] = [F ]virt.
Proof. As G is smooth, the intrinsic normal cone CF defined in [3] is noth-
ing but [CF/G/i
∗TG/M]. Moreover, i
∗L•G/M can be represented by a complex
concentrated in 0 and E•F/G by a complex concentrated in −1. By abuse of
notation, we will indicate the corresponding sheaves by i∗LG/M and EF/G
respectively. Taking the long exact cohomology sequence of the exact tri-
angle (17), we see that E•F/M is quasi isomorphic to [EF/G → i
∗LG/M].
Therefore the vector bundle stack EF/M := h
1/h0((E•F/M)
∨) is equal to
[(EF/G)
∨/i∗TG/M]. Thus we have the diagram with cartesian faces
F //
''OO
OOO
OO

CF/M

CF/G

??
F //
''OO
OOO
OO EF/M
EF/G
??
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In other words, the morphismA∗(EF/M)→ A∗(F ) factorizes through A∗(EF/G)
as follows:
A∗(EF )→ A∗(EF/G)→ A∗(F )
[CF/M] 7→ [CF/G] 7→ [F ]
virt.
For the second statement, we just have to note that by our definition
i![G] = s∗([CF/G]), and by (i) is precisely [F ]
virt as defined in [3].
4 Basic properties
Once we have defined a “pull-back”, we want to show it has good properties.
Due to the geometric properties of the normal cone (2.31), the proofs follow
essentially in the same way as the ones in [9]. The fact that our pull-back
defines a bivariant class is analogous to Example 17.6.4 in [9]. The only
point we need to be careful, is the functoriality property, where we need a
compatibility condition between the vector bundle stacks that replace the
normal bundles.
Theorem 4.1. Consider a fibre diagram of Artin stacks
F ′′ //
q

G′′
p

F ′
f ′ //
g

G′
h

F
f // G
and let us assume
1. F ′, F ′′ admit stratifications by global quotient stacks,
2. E is a vector bundle stack of rank d such that (f,E) satisfies condition
(⋆) for f .
3. E is isomorphic to a global quotient [E1/E0], with E1, E0 vector bun-
dles on F .
(i) (Push-forward) If p is either a projective morphism of Artin stacks or a
proper morphism of DM-stacks and α ∈ Ak(G
′′), then f !Ep∗(α) = q∗f
!
Eα in
Ak−d(F
′).
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(ii) (Pull-back) If p is flat of relative dimension n and α ∈ Ak(G
′), then
f !Ep
∗(α) = q∗f !Eα in Ak+n−d(F
′′)
(iii)(Compatibility) If α ∈ Ak(G
′′), then f !Eα = f
′!
g∗Eα in Ak−d(F
′′).
Proof. (i) Step 1. Let us first assume that f is a closed embedding. Let us
show that the diagram of groups commutes
A∗(G
′′)
σ′′ //
p∗

A∗(CF ′′/G′′)
Q∗

A∗(G
′)
σ′ // A∗(CF ′/G′)
(18)
whereQ in diagram (18) is the composition of the closed embedding CF ′′/G′′ →
q∗CF ′/G′ of Proposition 2.26 with the projective (respectively proper) map
q∗CF ′/G′ → CF ′/G′ . This follows similarly to Prop 4.2 in [9]. More precisely,
let us consider the following factorizations of the morphisms σ′ and σ′′
A∗(G
′′)
pr∗//
p∗

A∗(G
′′ × A1)
(p×id)∗

// A∗(CF ′′/G′′)
Q∗

A∗(G
′)
pr∗ // A∗(G
′ × A1) // A∗(CF ′/G′)
.
The diagram on the left commutes and we are left to show that the diagram
on the right commutes. But the diagram on the right is induced by the
commutative diagram below
A∗(M
◦
F ′′G
′′) //
P∗

A∗(CF ′′/G′′)
Q∗

A∗(M
◦
F ′G
′) // A∗(CF ′/G′)
(19)
where the horizontal maps are the ones induced by the natural inclusions of
CF ′′/G′′ (and CF ′/G′) in M
◦
G′′F
′′ (and respectively M◦F ′G
′). The commuta-
tivity of this diagram shows that diagram 18 commutes.
Step 2. Let C ′ = CF ′/G′ ×g∗E g
∗E1 and C ′′ = CF ′′/G′′ ×q∗g∗E q
∗g∗E1. Let
η : E1 → E be the natural projection, η′ : g∗E1 → g∗E the morphism
induced by η and similarly η′′ : q∗g∗E1 → q∗g∗E. We have that η is
smooth which implies that C ′ → CF ′/G′ and C
′′ → CF ′′/G′′ are smooth.
Let i′ : CF ′/G′ → g
∗E and j′ : C ′ → g∗E1 be the natural inclusions induced
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by i : CF/G →֒ E. By the commutativity of flat pull-backs with projective
push-forwards (see [18]) we obtain the following commutative diagram
A∗(CF ′/G′) //
i′
∗

A∗(C
′)
j′
∗

A∗(g
∗E)
η′∗ // A∗(g
∗E1).
Let 0′ : F ′ → g∗E1 be the zero section and let us denote the composition
F ′
0′
→ g∗E1
η′
→ g∗E by s′. Note that 0′ is regular and η′ is smooth. By
functoriality of Gysin maps (see [18]) we have that s′∗ = 0′!η′∗. With this
we have shown that f !E : A∗(G
′)→ A∗(F
′) is equal to the composition
A∗(G
′)
σ′
→ A∗(CF ′/G′)
η′∗
→ A∗(C
′)
j′
∗→ A∗(g
∗E1)
0′!
→ A∗(F
′). (20)
In the same way we obtain that f !E : A∗(G
′′) → A∗(F
′′) is equal to the
composition
A∗(G
′′)
σ′′
→ A∗(CF ′′/G′′)
η′′∗
→ A∗(C
′′)
j′′
∗→ A∗(q
∗g∗E1)
0′′!
→ A∗(F
′′). (21)
Let Q : CF ′′/G′′ → CF ′/G′ defined analogously to Q in Step 1. It can be
easily seen from definitions that the following diagram is cartesian
C ′′ //
R

CF ′′/G′′
Q

C ′ // CF ′/G′ .
We have thus obtained a diagram
A∗(G
′′) //
p∗

A∗(CF ′′/G′′)
η′′∗ // A∗(C
′′)
R∗

A∗(G
′) // A∗(CF ′/G′)
η′∗ // A∗(C
′).
(22)
In the following we show that the above diagram commutes. Let α = [V ′]
with V ′ reduced, V = p(V ′), W = V ×G′F
′ andW ′ = V ′×V W . Proposition
2.26 and the definition of Q imply that the restriction of Q to CW ′/V ′ factors
as
CW ′/V ′ → CW/V → CF ′′/G′′ (23)
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and therefore the restriction of R to CW ′/V ′ ×q∗g∗E q
∗g∗E1 factors as follows
CW ′/V ′ ×q∗g∗E q
∗g∗E1 → CW/V ×g∗E g
∗E1 → C ′. (24)
By abuse of notation we will denote the first map in (24) again by R. With-
out loss of generality we may assume that V ′ is irreducible. Let d be the
degree of p restricted to V ′. Let us prove in the following that
R([CW ′/V ′ ×q∗g∗E q
∗g∗E1]) = d[CW/V ×g∗E g
∗E1].
Let r0 denote the rank of E
0. By (22), (23) and (24) we have a commutative
diagram
Ak(V
′) //
p

Ak(CW ′/V ′) //
Q∗

Ak+r0(CW ′/V ′ ×q∗g∗E q
∗g∗E1)
R∗

Ak(V ) // Ak(CV/W ) // Ak+r0(CW/V ×g∗E g
∗E1)
(25)
where by abuse of notation the restrictions of p, Q and R are denoted by p,
Q and R respectively. As the degree is preserved by flat pull-back is suffices
to show that Q∗([CW ′/V ′ ]) = d[CW/V ]. This can be checked locally which
means that it is enough to check the statement when W → V factors as
W → M → V with the first map a closed embedding and the second a
smooth morphism. Let us form the cartesian diagram
W ′
s′ //

M ′
t′ //
r

V ′

W
s //M
t // V
By definition CW/V = CW/M/s
∗TM/V and CW ′/V ′ = CW ′/M ′/s
′∗TM ′/V ′ . As
t is smooth we have that s′∗TM ′/V ′ = s
′∗r∗TM/V . Let r : CW ′/M ′ → CW/M
be the map induced by the map in Proposition 2.26. By Step 1 we have
that that r([CW ′/M ′ ]) = d[CW/M ]. This shows that
R∗([CW ′/M ′/s
′∗TM ′/V ′ ]) = d[CW/M/s
∗TM/V ].
By sequences (20) and (21) and the commutativity of diagram (22) we obtain
that f !Ep∗(α) = q∗f
!
Eα.
(ii) By (i) it is enough to show the statement for G′ irreducible and α = G′.
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Let s1 : F
′ → g∗E and s2 : F
′′ → q∗g∗E be the zero sections. Then using
the definition of virtual pull-backs we have that
q∗f !E[G
′] = q∗s∗1CF ′/G′ .
By the flatness of p we obtain that f !Ep
∗(G′) = f !EG
′′ and using again the
definition of virtual pull-backs we obtain f !EG
′′ = s∗2CF ′′/G′′ . Using now
Proposition 2.26 we have that CF ′′/G′′ = q
∗CF ′/G′ . We are thus left to
show that q∗s∗1CF ′/G′ = s
∗
2r
∗CF ′/G′ , where r the obvious flat morphism
q∗CF ′/G′ → CF ′/G′ . Noting that s
∗
2 = (s1)
!
E the last statement is true by the
corresponding statement for s1.
(iii) Is obvious.
Remark 4.2. If p is projective we do not need E to be a global quotient.
The complication in Step 2 of the proof of Theorem 4.1 (i) is due to the
fact that push-forwards along proper morphisms of Artin stacks cannot be
defined unless the morphism is projective. Concretely, if q is proper but not
projective, we do not know how to define Q∗ in diagram (19).
On the contrary, if f is a local embedding of DM stacks and q is proper
then, the deformation spaces are DM stacks and P is proper; this implies
that we can push-forward cycles along P and Q.
Theorem 4.3. (Commutativity) Consider a fiber diagram of Artin stacks
F ′′
q

v // G′′

u // H
g

F ′
p

// G′

// K
F
f // G
such that F ′ and G′′ admit stratifications by global quotients. Let us assume
f and g are morphisms of DM-type and let E and F be vector bundle stacks
of rank d and e respectively such that (f,E) and (g,F) satisfy condition (⋆).
Then for all α ∈ Ak(G
′),
g!Ff
!
E(α) = f
!
Eg
!
F(α)
in Ak−d−e(F
′′).
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Proof. Using Theorem 4.1 we may assume α = [G′]. We see that the pull-
back of g!f ![G′] to q∗p∗E ⊕ v∗u∗F is equal to CCF ′/G′×G′G′′/CF ′/G′ and the
pull-back of f !g![G′] to q∗p∗E ⊕ v∗u∗F is equal to CCG′′/G′×G′F ′/CG′′/G′ . By
Vistoli’s rational equivalence ([27] Lemma 3.16, or equivalently [19])
[CCF ′/G′×G′G′′/CF ′/G′ ] = [CCG′′/G′×G′F ′/CG′′/G′ ]
in A∗(CF ′/G′ ×G′ CG′′/G′). This equivalence pushes forward to A∗(p
∗q∗E⊕
v∗u∗F) and therefore the equality in the theorem follows.
Theorem 4.4. Let F be an Artin stacks which admits a stratification by
global quotients, let f : F → G be a morphism and E→ F be a rank-n vector
bundle stack on F such that (f,E) satisfies Condition (⋆). Then f !E defines
a bivariant class in An(F → G) in the sense of [9], Definition 17.1.
Definition 4.5. Let F
f
→ G
g
→M be DM-type morphisms of stacks. If we
are given a distinguished triangle of relative obstruction theories which are
perfect in [−1, 0]
g∗E•G/M
ϕ
→ E•F/M → E
•
F/G → g
∗E•G/M[1]
with a morphism to the distinguished triangle
g∗LG/M → LF/M → LF/G → g
∗LG/M[1],
then we call (E•F/G, E
•
G/M, E
•
F/M) a compatible triple.
Remark 4.6. As in Construction 3.13, if there is a morphism E•F/G
ψ
→
g∗E•G/M[1] compatible with the corresponding morphism between the cotan-
gent complexes, then ψ determines a complex E•F/M which fits in a distin-
guished triangle as above. Moreover, E•F/M defines a relative obstruction
theory. If E•F/G and E
•
G/M are perfect, then E
•
F/M is perfect.
Lemma 4.7. Consider a fibre diagram
F ′
f ′ //
p

G′
q

0 // F′
r

F
f // G
0 // F.
with F ′ an Artin stack which admits a stratification by global quotients,
π : F→ G a vector bundle stack of rank e on G and π′ : F′ → G′ its pullback
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to G′. Let us assume E′ is a vector bundle stack on F such that (f,E′)
satisfies condition (⋆). Then we have a natural map
CF/F → E := E
′ ⊕ f∗F
which is a closed embedding and for any α ∈ Ak(F
′)
(0 ◦ f)!E(α) = f
!
E′(0
!
F(α)).
Proof. For the first part it suffices to show that CF/F is canonically isomor-
phic to CF/G ×F (CG/F ×G F ), that is example 2.37.
The equality follows in the same way as in ([9]). Let us notice that by the-
orem 4.1 (i) and the fact that (π′)∗ : A∗(F
′)→ A∗+e(F
′) is an isomorphism
(Theorem 2.1.12, part (x) in [17]) we may assume α to be represented by F′
and G′ can be taken to be irreducible. Now, the problem reduces to
(0 ◦ f)![F′] = f ![G′]. (26)
If π1 : p
∗E → p∗E′ and π2 : p
∗E′ → F ′ are the natural projections, then we
have by the above
[CF ′/F′ ] = [π
∗
1CF ′/G′ ] ∈ A∗(p
∗E).
From the construction of Gysin pull-backs
[CF ′/G′ ] = π
∗
2f
![G′] ∈ A∗(p
∗E′)
and
[CF ′/F′ ] = (π2 ◦ π1)
∗(0 ◦ f)![F′] ∈ A∗(p
∗E).
Combining the three equalities we get equality (26) above, and therefore the
conclusion.
Theorem 4.8. (Functoriality) Consider a fibre diagram
F ′
f ′ //
p

G′
q

g′ //M′
r

F
f // G
g //M.
Let us assume f , g and g ◦ f are DM-type morphisms and have perfect
relative obstruction theories E′•, E′′• and E• respectively and let us denote
the associated vector bundle stacks by E′, E′′ and E respectively. If F ′, F ′
admit stratifications by global quotients and (E′•, E′′•, E•) is a compatible
triple, then for any α ∈ Ak(M
′)
(g ◦ f)!E(α) = f
!
E′(g
!
E′′(α)).
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Proof. We argue as in the proof of Theorem 1 in [15] (or Theorem 6.5 of
[9]).
In the same way as in the proof of the previous lemma M′ may be assumed
irreducible and reduced and α = [M′].
Consider the vector bundle stacks: ρ : p∗E → F ′, π : q∗E′′ → G′ and
σ : E′ ⊕ p∗f∗E′′ → F ′.
By definition
(g ◦ f)!M′ =(ρ∗)−1([CF ′/M′ ])
g!M′ =(π∗)−1([CG′/M′ ]).
Let us now look at the cartesian diagram
F ′
f ′ //

G′

// CG′/M′

F
f // G
0 // EG/M.
From the definition of the pull-back we know that f !(g!M′) is equal to
f !(0![CG′/M′ ]) and by the previous lemma
f !(0![CG′/M′ ]) = (0 ◦ f)
![CG′/M′ ].
If we denote CG′/M′ by C0, then the above shows that f
!(g!M′) is represented
in E′⊕ f∗E′′ by the cycle [CF ′/C0 ]. The construction respects equivalence in
Chow groups and so we are reduced to showing
(σ∗)−1([CF ′/C0 ]) = (ρ
∗)−1([CF ′/M′ ]) (27)
in A∗F
′.
Introduce the double deformation space M ′ := M◦F ′×P1/M◦
G′/M′
→ P1 × P1
with general fiberM◦G′/M′ and special fibre CF ′×P1/M◦G′/M′
over {0}×P1 (see
[15], proof of Theorem 1). Restricting to this special fibre and considering
the rational equivalence on the second P1 we see that
[CF ′/C0 ] ∼ [CF ′/M′ ] (28)
in A∗(CF ′×P1/M◦
G′/M′
).
In a completely analogous fashion there exists a double deformation space
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M := M◦F×P1/M◦
G/M
. If we consider the map w : F ′ × P1
p×1
P1→ F × P1, then
the general fibers of M and M ′ are related by the cartesian diagram
F ′ × P1 //
w

M◦G′/M′

F × P1 //M
◦
G/M.
This implies CF ′×P1/M◦
G′/M′
i
→ (p × 1P1)
∗CF×P1/M◦
G/M
is a closed immersion
and consequently we can push forward relation (28) in A∗(w
∗CF×P1/M◦
G/M
).
Now, by Proposition 1, in [15], we have a morphism
A∗(CF×P1/M◦
G/M
)
i∗
→֒ A∗(h
1/h0(c(u)∨))
where u := (T · id, U · can) is the map
f∗LG/M ⊗OP1(−1)
u
→ f∗LG/M ⊕ LF/M
in D(F × P1) and c(u) its mapping cone. Here we denoted by T and U
the homogeneous coordinates on P1. Let us consider the closed immersion
w∗i : A∗(w
∗CF×P1/M◦
G/M
) →֒ A∗(w
∗h1/h0(c(u)∨)). Then pushing forward
via w∗i the equivalence relation we have in A∗(w
∗CF×P1/M◦
G/M
), we obtain
the equivalence relation (28) in A∗(w
∗h1/h0(c(u)∨)).
Let us now use the notation of Construction 3.13. Consider the morphism
v := (T · id, U · ϕ) : f∗EG/M ⊗ OP1(−1) → f
∗E′′ ⊕ E′ in D(F × P1). The
morphism of distinguished triangles in Definition 4.5 gives a morphism of
distinguished triangles
(fp)∗E′′•(−1)
w∗v //

(fp)∗E′′• ⊕ p∗E•

// w∗c(v)

// (fq)∗E′′•(−1)[1]

(fp)∗LG/M(−1)
w∗u // (fp)∗LG/M ⊕ p
∗LF/M // w∗c(u) // (fq)
∗LG/M(−1)[1]
over F ′ × P1. Dualizing and taking h1/h0 of the map w∗c(v)→ w∗c(u), we
obtain a morphism of Picard stacks w∗h1/h0(c(u)∨)→ w∗h1/h0(c(v)∨) that
is a closed immersion. Therefore, we can push forward the rational equiva-
lence (28) on w∗h1/h0(c(v)∨) that is a vector bundle stack on F ′ × P1. The
fact that the above map between cone stacks is a closed immersion follows
from Prop 2.6 in [3] and the fact that the maps in cohomology induced by
31
the vertical maps in the above diagram are isomorphisms in degree 0 and
surjective in degree −1.
Let us now conclude the proof. We have obtained [CF ′/C0 ] ∼ [CF ′/M′ ]
in A∗(w
∗h1/h0(c(v)∨)). Looking at w∗h1/h0(c(v)∨) → P1, we see that
w∗h1/h0(c(v)∨) restricts to F0 := p
∗E′ ⊕ p∗f∗E′′ and F1 := p
∗E in F ′ × {0}
respectively F ′ × {1}. Consider the map
A∗(CF ′×P1/M◦
G′/M′
)→ A∗(w
∗h1/h0(c(v)∨))→ A∗(Fi)→ F
′.
We have that the image of [CF ′×P1/M◦
G′/M′
] in A∗(F0) is [CF ′/C0 ] and in
A∗(F1) is [CF ′/M′ ]. As the composition does not depend on i we deduce
equality (27).
Corollary 4.9. Let us assume we have a commutative diagram
F
f //
ǫF   A
AA
AA
AA
A G
ǫG~~}}
}}
}}
}}
M
with M of pure dimension. If F and G admit stratifications by global quo-
tients and (E•F/G, E
•
G/M, E
•
F/M) a compatible triple, then
f !EF/G [G]
virt = [F ]virt.
Proof. By the definition of virtual classes we have
[F ]virt = (ǫF )
!
EF/M
[M]
[G]virt = (ǫG)
!
EG/M
[M].
Moreover, by the construction of EF/G we are in the hypotheses of Theorem
4.8 and therefore
(ǫG ◦ f)
!
EF/M
[M] = f !EF/G(ǫG)
!
EG/M
[M].
The two equations above show that f !EF/G[G]
virt = [F ]virt.
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Remark 4.10. Let us consider a cartesian diagram of DM stacks
F ′ //
g

G′
f

F
i // G
with obstruction theories E•F , E
•
G, E
•
F ′ , E
•
G′ . Let us assume we have perfect
obstruction theories E•F/G and E
•
F ′/G′ compatible with E
•
F , E
•
G and E
•
F ′ ,
E•G′ . If g
∗EF/G = EF ′/G′ , then i
![G′]virt = [F ′]virt.
This generalizes Proposition 5.10 in [3] and Theorem 1 in [15].
5 Applications
In this section we collect some applications of the virtual pull-back we de-
fined. We take the ground field to be C. By a homology class of a curve we
will mean an element of Aalg1 (X)– the group of 1-cycles modulo algebraic
equivalence (see [9], Chapter 10). We will shortly denote it by A1(X).
5.1 Preliminaries
Let us fix notations. Let X be a smooth projective variety and β ∈ A1(X) a
homology class of a curve in X. We denote by Mg,n(X,β) the moduli space
of stable genus-g, n-pointed maps to X of homology class β (see [8]). Let
ǫX : Mg,n(X,β) → Mg,n be the morphism that forgets the map (and does
not stabilize the pointed curve) and πX : Mg,n+1(X,β) → Mg,n(X,β) the
morphism that forgets the last marked point and stabilizes the result. Then
it is a well-known fact that
E•
Mg,n(X,β)/Mg,n
:= (R•πX∗ev
∗
XTX)
∨
defines an obstruction theory for the morphism p, where evX indicates the
evaluation map evX : Mg,n+1(X,β) → X (see [1]). Unless otherwise stated
the map πX will be endowed with this obstruction theory (and not some
other). We call
[M g,n(X,β)]
virt := (ǫX)
!
EMg,n(X,β)/M
[Mg,n]
the virtual class of Mg,n(X,β). The dimension of [Mg,n(X,β)]
virt is called
the virtual dimension of Mg,n(X,β) and we denote it by vdimM g,n(X,β).
To a collection of Chow (or cohomology) classes γi ∈ A
ki(X) such that
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∑n
i=1 ki = vdimMg,n+1(X,β), one can associate a Gromov-Witten (shortly
GW) invariant defined to be
IXg,n,β :=
n∏
i=1
ev∗i γi · [Mg,n(X,β)]
virt.
Remark 5.1. Let f : X → Y be a morphism of smooth algebraic varieties.
Let β ∈ A1(X) and g, n be any natural numbers. Then f induces a mor-
phism of stacks f¯ : Mg,n(X,β)→Mg,n(Y, f∗β).
Convention: Given a morphism of smooth algebraic varieties f : X → Y , we
will indicate the induced morphism between moduli spaces of stable maps
by the same letter with a bar.
Let us now state the version of Cohomology and Base Change we will
use in our applications. We refer to [11], III.8.
Theorem 5.2. (Cohomology and Base Change) Let G′
p
→ G be a flat mor-
phism of separated DM stacks and E• a finite bounded of locally free sheaf
on G′. Then for any base change
F ′
g //
q

G′
p

F
f // G
we have a canonical isomorphism in DF
Lf∗Rp∗E
• ≃ Rq∗Lg
∗E•.
Proposition 5.3. Let f : X → P be a morphism of smooth projective
varieties and let TX/P be the dual of the cotangent complex of X to P. Then,
in notations as above
(i) The map f¯ : M g,n(X,β) → Mg,n(P, f∗β) has a dual obstruction theory
E•
Mg,n(X,β)/Mg,n(P,f∗β)
isomorphic to R•πX∗ev
∗
XTX/P in DMg,n(X,β).
(ii) If f = i is an embedding and NX/P denotes the normal bundle of X
in P, then i¯ : Mg,n(X,β) → M g,n(P, f∗β) has a dual obstruction theory
(E•
Mg,n(X,β)/Mg,n(P,i∗β)
)∨
[0→R0πX∗ev
∗
XNX/P →R
1πX∗ev
∗
XNX/P]
in [0, 2].
(iii) If g = 0 and P is convex, then E•
Mg,n(X,β)/Mg,n(P,f∗β)
is perfect.
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Proof. (i) In notations as in the beginning of the section, the relative ob-
struction theories are E•
M0,n(P,f∗β)/M
:= (RiπP∗ev
∗
PTP)
∨ and E•
M0,n(X,β)/M
:=
(RiπX∗ev
∗
XTX)
∨. The distinguished triangle
TX → f
∗TP → TX/P → TX [1] (29)
induces a distinguished triangle
R•πX∗ev
∗
XTX
ϕ
→ R•πX∗ev
∗
Xf
∗TP → R
•πX∗ev
∗
XTX/P →R
•πX∗ev
∗
Xf
∗TX [1].
We now need to show that
R•πX∗ev
∗
Xf
∗TP = f¯
∗R•πP∗ev
∗
PTP
in the derived category of M0,n(X,β) and this follows by Theorem 5.2.
(ii) If f = i is an embedding, then TX/P is quasi-isomorphic to [0→ NX/Y ]
in degrees [0, 1] and the claim follows by (i).
(iii) If P is convex, then M0,n(P, i∗β) is unobstructed and the claim follows
from Remark 3.15.
Proposition 5.4. Let
X ′
j //
p

P′
q

X
i // P
(30)
be a cartesian diagram of smooth projective varieties and let β ∈ A1(X
′) be
any homology class of a curve.
(i) Then the induced diagram of moduli spaces of stable maps
Mg,n(X
′, β)
j¯ //
p¯

Mg,n(P
′, j∗β)
q¯

Mg,n(X, p∗β)
i¯ //Mg,n(P, (i ◦ p)∗β)
is commutative. If i is a closed embedding, then it induces an open and closed
embedding of Mg,n(X
′, β) in the fiber product Mg,n(X, p∗β) ×Mg,n(P,(i◦p)∗β)
Mg,n(P
′, j∗β).
(ii)If the natural map p∗LX/P → LX′/P′ is an isomorphism, then it induces
an isomorphism
E•
Mg,n(X′,β)/Mg,n(P′,j∗β)
≃ p¯∗E•
Mg,n(X,p∗β)/Mg,n(P,(i◦p)∗β)
.
If moreover, g = 0 and P is convex then, E•
Mg,n(X′,β)/Mg,n(P′,j∗β)
is perfect.
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Proof. Let us prove that the cartesian product is isomorphic to a disjoint
union of components corresponding to all homology classes η ∈ A1(X
′) such
that j∗η = j∗β and p∗η = p∗β. Let P = Mg,n(X, p∗β) ×Mg,n(P,(i◦p)∗β)
Mg,n(P
′, j∗β). From the universal property of cartesian products we obtain
a map
ψ :Mg,n(X
′, β)→ P.
Conversely, let (f1 : CX → X, f2 : CP′ → P
′) ∈ P . Let CstabP′ be the source
curve of the stabilization of the composite map CP′ → P
′ → P. As i is an
embedding we have that CX is isomorphic to C
stab
P′ . We have thus obtained
a natural map CP′ → CX → X. From the universal property of cartesian
products we obtain a unique map f : CP′ → X
′ commuting with f1 and f2.
Let η = f∗[CP′ ]. Then η satisfies j∗η = j∗β1 and p∗η = p∗β2. Let Pβ define
the locus in P which by the above procedure induces a map f : CP′ → X
′
such that f∗[C] = β. The above translates into the existence of a map
φ : Pβ →Mg,n(X
′, β). As ψ and φ are inverse to each other, the statement
follows.
The proof of part (ii) follows by Proposition 5.3 (i) applied to the morphism
i, followed by Theorem 5.2 with f = p and T := L∨X/P.
If g = 0 and P is convex thenMg,n(P, (i◦p)∗β) is unobstructed and therefore
E•
Mg,n(X,p∗β)/Mg,n(P,(i◦p)∗β)
is perfect. The claim now follows from the first
part of the proof.
Example 5.5. Let us consider a cartesian diagram of smooth projective
varieties as above. The induced commutative diagram of moduli spaces of
stable maps will not be cartesian in general. One counterexample is the case
of P is a point P := Spec k, P′ := Y and X ′ := X × Y . The diagram
Mg,n(X × Y, (β1, β2))
p¯2 //
p¯1

Mg,n(Y, β2)

Mg,n(X,β1) //Mg,n(P, 0)
is not cartesian. Let M be the cartesian product Mg,n(Y, β2) ×Mg,n(P,0)
Mg,n(X,β1). Then, we still have a nice relation between the virtual class
of M and the virtual class of Mg,n(X × Y, (β1, β2)). This was studied by
Behrend (see [2], Theorem 1).
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Example 5.6. Let
X ′
j //
p

P′
q

X
i // P
be a cartesian diagram of smooth projective varieties as in the above propo-
sition. Let us moreover suppose that i and j induce injective morphisms of
groups i∗ : A1(X)→ A1(P), respectively j∗ : A1(X
′)→ A1(P
′) (but i is not
supposed to be injective!). Then, the corresponding commutative diagram
between moduli spaces of stable maps is cartesian.
Proof. Let us fix a scheme S and let us consider f : CP → P an element
in M g,n(P, (i ◦ p)∗β)(S). As before, let us consider f1 : CP′ → P
′ an object
in Mg,n(P
′, j∗β)(S) and f2 : CX → X an object in Mg,n(X, p∗β)(S) which
both map to f : CP → P. We have that CP is canonically isomorphic to C
stab
P′
the source curve of the stabilization of the composite map CP′ → P
′ → P.
Then, by our hypothesis on i we have that the curve CX is also canonically
isomorphic to CstabP′ . We have thus obtained a commutative diagram
CP′ //

P′
?
??
??
??
?
P
CstabP′
// X
@@
and therefore by the universal property of cartesian products, we have ob-
tained a canonical map CP′ → X
′. As in the proof of the proposition our
hypothesis on j implies that the map Mg,n(X
′, β)→ P is surjective.
Remark 5.7. If i is a closed embedding and the natural map A1(X
′) →
A1(P
′) ⊕ A1(X) is injective then diagram (30) is cartesian. This follows
from the fact that the above condition implies that the natural map
Mg,n(X
′, β)→M g,n(X, p∗β)×Mg,n(P,(i◦p)∗β) Mg,n(P
′, j∗β)
is surjective.
Example 5.8. Let us now look at an example where our construction of
virtual pull-backs does not apply. If we considerMg,n(X,β)
i¯
→Mg,n(P, i∗β)
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with P a convex space, then the construction applies without further con-
ditions only in genus zero. In general (higher genus or non-convex P)
h−2(EMg,n(X,β)/Mg,n(P,i∗β)) might not vanish.
To see an example, let us consider i : Pr →֒ Pr×Ps, the inclusion into the first
factor. Then we have an induced mapM g,n(P
r, d1) →֒Mg,n(P
r×Ps, (d1, 0)).
From Corollary 5.3 we obtain that the dual relative obstruction theory of
bari is R•π∗ev
∗NPr/Pr×Ps. We have that the normal bundle NPr/Pr×Ps is
isomorphic to O⊕sPr . Since R
1π∗f
∗(O⊕sPr ) is non-zero for g ≥ 1, the (dual)
relative obstruction theory will never be perfect.
5.2 Pulling back divisors
Let P be a convex variety and d ∈ A1(P) be the class of a curve. If X
i
→֒ P
is an embedding of smooth projective varieties, then i induces a morphism
M0,n(X, d)
i¯
→֒ M0,n(P, d) where we made the convention that M0,n(X, d)
is the union of all M0,n(X,β) such that i∗β = d. Let DP := DP(0, n1, d1 |
0, n2, d2) be a boundary divisor inM0,n(P, d) that comes with a virtual class
obtained by pull-back along the obvious forgetful morphism
DP →M0,n1+1 ×M0,n2+1
and analogously we have a boundary divisor DX := DX(0, n1, d1 | 0, n2, d2)
in M0,n(X, d) equipped with a virtual fundamental class. Constructing the
following cartesian diagram
DX //

DP //

M0,n1+1 ×M0,n2+1

M0,n(X, d)
i¯ //M0,n(P, d) //M
we get
i¯![DP(0, n1, d1 | 0, n2, d2)]
virt = [DX(0, n1, d1 | 0, n2, d2)]
virt.
Indeed, it is easy to check that the obstructions are compatible.
Remark 5.9. One could na¨ıvely hope to obtain new relations between the
rational GW invariants of X by pulling back the WDVV relations in P.
The above shows that for any X →֒ P pulling-back the WDVV equations in
M0,n(P, d) gives the WDVV equations in M0,n(X, d).
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5.3 Blow-ups
Let X be a smooth r-dimensional projective variety, Y ⊆ X a smooth r′-
codimensional subvariety and pX : X˜ → X the blow-up of X in Y , with
exceptional divisor E.
Definition 5.10. For a blow up pX : X˜ → X and a class β ∈ A1(X) we
call the class p!Xβ the lifting of β and we denote it by β˜, where p
!
X is the
refined intersection product of [9], Chapter 8.
Remark 5.11. The lifting of β satisfies two basic properties that follow triv-
ially from the projection formula, namely (pX)∗β˜ = β and β˜ · E = 0.
Lemma 5.12. The moduli space of stable maps to X˜ of class β˜ and the
moduli space of stable maps to X of class β have the same virtual dimension.
Proof. By [9] we know that
KX˜ = p
∗
XKX + (r
′ − 1)E
and therefore the virtual dimension of Mg,n(X˜, β˜) is
vdim(Mg,n(X˜, β˜)) = (1− g)(r − 3)−KX˜ · β˜ + n
= (1− g)(r − 3)− [p∗XKX + (r
′ − 1)E] · β˜ + n
= (1− g)(r − 3)− p∗XKX · β˜ + n
= (1− g)(r − 3)−KX · β + n
= vdim(Mg,n(X,β)).
Lemma 5.13. In notations as before, the natural projection pX : X˜ →
X induces a morphism p¯X : M0,n(X˜, β˜) → M0,n(X,β). If X = P is a
homogeneous space and X˜ = P˜ the blow up of P, then
(p¯P)∗[M 0,n(P˜, β˜)]
virt = [M0,n(P, β)]
virt.
Proof. The proof is a straightforward generalization of [10], Proposition
2.2. Let us write the proof for completeness. Since P is convex the stack
M0,n(P, β) is smooth of expected dimension d. As M 0,n(P, β) is connected
(see [16]) it follows taht M0,n(P, β) is also irreducible. This shows that
(p¯P)∗[M0,n(P˜, β˜)]
virt = α[M 0,n(P, β)]
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for some α ∈ Q. If we show that p¯P is a local isomorphism around a generic
point C := (C, x1, ..., xn, f) ∈ Zi for any1 ≤ i ≤ k then by [10] we have
(p¯P)∗[M0,n(P˜, β˜)]
virt =M0,n(P, β).
Let us denote the locus C ∈ M0,n(P, β) of maps such that p¯
−1(C) is not
a point by M . Then M is embedded in M ′ the locus of maps to P such
that f(C) intersects the blown up locus Y . Let us analyze the dimension of
M ′. By Kleiman’s transversality theorem we have that the locus of smooth
curves in P which intersect a given subvariety Y of codimension c has the
expected dimension d + 1 − c. Using fact that Y has codimension at least
two, we obtain that M ′ this dimension is at most d− 1. This shows that p¯
is an isomorphism around the generic point C ∈M 0,n(P, β).
Proposition 5.14. Let X be a smooth projective subvariety of some homo-
geneous space P and let us assume that there exists Z a smooth subvariety
of P, such that X and Z intersect transversely. Let Y := X ∩ Z and X˜ be
the blow-up of X along Y . Then for any non-negative integer n and any
β ∈ A1(X) with lifting β˜ ∈ A∗(X˜)
(p¯X)∗[M 0,n(X˜, β˜)]
virt = [M0,n(X,β)]
virt.
Proof. If Y = X ∩ Z, X˜ is the blow-up of X along Y and P˜ is the blow-up
of P along Z then the diagram
X˜
j //
pX

P˜
pP

X
i // P
is cartesian. By Theorem 4.1 (ii) we have that
p!Pi∗β = j∗p
!
Xβ. (31)
Let us take δ ∈ A1(X˜) such that (pX∗δ, j∗δ) = (β, p
!
Pi∗β). By pX∗δ = β we
get that δ = p!β + de, where d ∈ Z and e is the class of a curve contained
in some fiber of pX . By equality (31) we get j∗δ = p
!
Pi∗β + de. Using
j∗δ = p
!
Pi∗β in the equality above we obtain d = 0, which shows that the
map (pX∗, j∗) : A1(X˜) → A1(X) ⊕ A1(P˜) is injective. Using equality (31)
and Remark 5.7 we obtain a cartesian diagram
M0,n(X˜, β˜)
j¯ //
p¯X

M0,n(P˜, i˜∗β)
p¯P

M 0,n(X,β)
i¯ //M0,n(P, i∗β).
(32)
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In order to apply the virtual push-forward machinery to this diagram, we
first need to analyze the obstruction theories involved. By Construction 3.13
and Corollary 4.9 applied to i¯, we have
i¯![M 0,n(P, i∗β)]
virt = [M0,n(X,β)]
virt. (33)
We know that p∗XNX/P = NX˜/P˜. By Proposition 5.4 (ii) we obtain that
E•
M0,n(X˜,β˜)/M0,n(P˜,i˜∗β)
= p¯∗XE
•
M0,n(X,β)/M0,n(P,i∗β)
.
This shows in particular that E•
M0,n(X˜,β˜)/M0,n(P˜,i˜∗β)
is perfect. Applying
Corollary 4.9 to j¯ we get
j¯![M 0,n(P˜, i˜∗β)]
virt = [M 0,n(X˜, β˜)]
virt
and by Proposition 4.1 (iii) we obtain that
i¯![M0,n(P˜, i˜∗β)]
virt = [M 0,n(X˜, β˜)]
virt. (34)
Theorem 4.1 (i) gives
i¯!(p¯P)∗[M0,n(P˜, i˜∗β)]
virt = (p¯X)∗ i¯
![M0,n(P˜, i˜∗β)]
virt. (35)
By Proposition 5.13 we have
i¯!(p¯P)∗[M0,n(P˜, i˜∗β)]
virt = i¯![M0,n(P, i∗β)]
virt. (36)
Gathering all together, equations (33), (34), (35), (36) translate into
(p¯X)∗[M 0,n(X˜, β˜)]
virt = [M0,n(X,β)]
virt.
The projection formula gives the following Corollary.
Corollary 5.15. Let X and Y as above, and let γ ∈ A∗(X)⊗n be any n-tuple
of classes such that
∑
codim(γi) = vdimM 0,n(X,β). Then, I
X˜
0,n,β˜
(p∗Xγ) =
IX0,n,β(γ).
Remark 5.16. The equality in the statement of proposition 5.14 was ob-
tained in [20] in a more general context, namely under the assumption
NY/X is convex with an extra minor assumption. Lai analyzes the map
p¯X : M0,n(X˜, β˜) → M0,n(X,β) and he uses absolute obstruction theories
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(see [ibid.], Section 2). These induce a perfect relative obstruction to p¯.
Lai analyzes the normal cones of M0,n(X˜, β˜) and M0,n(X,β) and he uses
the relation between them in order to obtain that (p¯X)∗[M0,n(X˜, β˜)]
virt =
[M 0,n(X,β)]
virt (see [20] Theorem 4.11). In our language Lai’s assumptions
imply that p¯X admits a virtual pull-back. We should stress however, that
we cannot use the usual relative obstruction theories to M0,n in order to
deduce p¯![M 0,n(X,β)]
virt = [M0,n(X˜, β˜)]
virt. More precisely, the following
diagram
M0,n(X˜, β˜)
p¯ //
ǫX˜ %%KK
KK
KK
KK
KK
M0,n(X,β)
ǫXyysss
ss
ss
ss
s
M0,n
is not commutative. To see this, one can take a map (C, x1, ..., xn, f) ∈
M0,n(X˜, β˜), with C a reducible curve with two components C1 and C2 in-
tersecting in one point and such that C1 has no marked points and it is
contracted by p ◦ f . We have that
ǫX˜(C, x1, ..., xn, f) = C
while
ǫX ◦ p¯(C, x1, ..., xn, f) = C2.
This shows that Corollary 4.9 does not apply to the above diagram.
Remark 5.17. If X is the zero-locus of a section s ∈ H0(P, V ), for some
convex vector bundle V on P and Y respects the hypothesis of Proposition
4.9, then the equality (p¯X)∗[M0,n(X˜, β˜)]
virt = [M0,n(X,β)]
virt follows from
the “Conjecture” proved in [15] as described below. In notations of [ibid.]
we have
i¯∗[M0,n(X,β)]
virt = ctop(R
0(πP)∗ev
∗
PV ) · [M0,n(P, i∗β)]
virt.
Again, using the isomorphism in Proposition 5.4 (ii) we get the same relation
with blow-ups, namely,
j¯∗[M0,n(X˜, β˜)]
virt = ctop(p¯
∗R0(π
P˜
)∗ev
∗
P˜
V ) · [M0,n(P˜, i˜∗β)]
virt.
Now, the equality follows from the projection formula.
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5.4 Projective bundles
Let X be a a smooth projective variety of dimension n. Let CX be the
trivial line bundle on X and V := W ⊕ CX be a rank r vector bundle on
X with non-zero Chern roots {c1, ..., cr−1}. We denote by pX : PX(V ) →
X the associated projective bundle. It is well known that there exists an
isomorphism ϕ : A1(PX(V )) → A1(X) ⊕ f · Z, where fX denotes the class
of a curve in a fibre of pX . Let us fix such an isomorphism. For this, let us
consider the following exact sequence
0→ A1(P
r−1)
i
→ A1(PX(V ))
p
→ A1(X)→ 0
where i is the map induced by the inclusion of a fiber of pX and p denotes
the push-forward by pX . Then, taking sX : X → PX(V ) the zero section of
the projective bundle PX(V ) we see that the map s : A1(X)→ A1(PX(V ))
induced by sX splits the sequence above. This fixes ϕ.
Definition 5.18. Let β ∈ A1(X), then we call β˜ := s(β) the lifting of β.
In these notations any class of a curve in PX(V ) can be written uniquely
as β˜ + qfX , for some β ∈ A1(X) and some q ∈ Z. Let us consider α ∈
Ak(M 0,n(PX(V ), β˜ + qfX)) such that
vdimM0,n(PX(V ), β˜ + qfX)− k = vdimM0,n(X,β). (37)
We will say that (β,W, q, α) satisfies condition (37) or when there is no risk
of confusion that (W, q, α) satisfies condition (37).
In the same way as in the case of blow-ups, we will relate genus-zero GW
invariants of PX(V ) to genus-zero GW invariants of X.
Remark 5.19. Let X be a convex variety, β ∈ A1(X), W a rank-(r − 1)
vector bundle on X, q ∈ Z and α ∈ A∗(M0,n(PX(V ), β˜ + qfX)) satisfying
condition (37). Let Z1, ...Zk be the connected components of M0,n(X,β).
As X is convex, by dimensional reasons
(p¯X)∗
(
α · [M0,n(PX(V ), β˜ + qfX)]
virt
)
=
k∑
i=1
Ni[Zi],
for some Ni ∈ Q, possibly zero.
In particular, if X = P1, then M0,n(X,β) is smooth, irreducible (and unob-
structed) and therefore
(p¯X)∗
(
α · [M0,n(PX(V ), β˜ + qfX)]
virt
)
= N [M0,n(X,β)]
virt
for some N ∈ Q.
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Definition 5.20. (i) In notations as above, we consider the locally constant
function
NX,W,β,q(α) :M0,n(X,β)→ Q
defined by NX,W,β,q(α) = Ni on Zi.
(ii) Let X = P1, d = (d1, ..., dr−1) ∈ Z
r−1, V = O⊕OP1(d1)⊕...⊕OP1(dr−1),
and k = (k1, ..., kn) ∈ N
n. Let ξPX(V ) = c1(OPX(V )(1)) and assume that
α = ev∗i ξ
ki satisfies the dimension condition (37). We define N(q, d, k) ∈ Q
by the formula
(p¯X)∗
(
α · [M 0,n(PX(V ), 1˜ + qfX)]
virt
)
= N(q, d, k)[M 0,n(X, 1)].
Remark 5.21. Let X and Y be smooth projective varieties, let f : Y → X
be a morphism and βY ∈ A1(Y ) such that f∗βY = β. Let W be a vector
bundle on X. Then there exists an induced map h : PY (f
∗V ) → PX(V ).
This induces a map h¯ :M0,n(PY (f
∗V ), β˜Y + qfY )→M0,n(PX(V ), β˜ + qfX)
Proposition 5.22. Let X be smooth convex projective varieties and let
f : Y → X be a morphism of smooth projective varieties such that
f∗ : A1(Y )→ A1(X)
is injective. Let W be a vector bundle on X and
α ∈ A∗(M 0,n(PX(V ), β˜ + qfX))
which satisfies the dimension condition (37). Then
(i) (βY , f
∗W, q, h¯∗α) satisfies condition 37.
(ii)Let Z1, ..., Zk be the connected components of M0,n(X,β). For any i ∈
{1, ..., k} let NX,W,β,q(α)|Zi be the number from definition 5.20 which corre-
sponds to Zi. Then, we have an equality
(p¯Y )∗
(
(h¯∗α) · [M0,n(PY (f
∗V ), β˜Y + qfY )]
virt
)
=
k∑
i=1
NX,W,β,q(α)|Zi [Zi]
Proof. (i) Let us consider the following cartesian diagram
M0,n(PY (f
∗V ), β˜Y + qfY )
p¯Y

h¯ //M 0,n(PX(V ), β˜ + qfX)
p¯X

M0,n(Y, βY )
f¯ //M0,n(X,β).
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Applying Proposition 5.4 we obtain that the relative obstruction theories Ef¯
and Eh¯ are compatible. This shows that (βY , f
∗W, q, h¯∗α) satisfies condition
37.
(ii)Without loss of generality we may assume thatM0,n(X,β) is irreducible.
Let us denote its unique connected component by Z1. By Definition 5.20 we
have that
(p¯X)∗
(
α · [M0,n(PX(V ), β˜ + qfX)]
virt
)
= NX,W,β,q(α)|Z1 [Z1].
Applying Proposition 4.1 (iii) to the above diagram we obtain that
f¯ !((p¯X)∗α·[M 0,n(PX(V ), β˜+qfX)]
virt) = (p¯Y )∗f¯
!(α·[M 0,n(PX(V ), β+qfX)]
virt).
(38)
As the obstruction theories p¯∗YEf¯ and Eh¯ are compatible by Proposition 5.4,
we obtain that
f¯ !Ef¯ = h¯
!
Eh¯
. (39)
This shows that
f¯ !
(
α · [M0,n(PX(V ), β˜ + qfX)]
virt
)
= h¯∗α · f¯ ![M0,n(PX(V ), β˜ + qfX)]
virt.
By Corollary 4.9 we obtain f¯ ![M 0,n(X,β)]
virt = [M 0,n(Y, βY )]
virt and using
relation (39) we get
f¯ ![M0,n(PX(V ), β˜ + qfX)]
virt = [M0,n(PY (f
∗V ), βY + qfY )]
virt. (40)
From equations (38) and (40) we see that
NX,W,β,q(α)|Z1 = (p¯Y )∗
(
(h¯∗α) · [M0,n(PY (f
∗V ), β˜Y + qfY )]
virt
)
. (41)
This concludes the proof.
Corollary 5.23. We follow the notations of Proposition 5.22. Let X be a
homogeneous space, Y a rational curve. Let
α :=
n∏
i=1
ev∗i ξ
ki ∈ A∗(M0,n(PX(V ), β˜ + qfX))
satisfy condition (37). Suppose f∗V ≃ O ⊕O(d1)⊕ ...⊕O(dr−1). Then
(p¯X)∗
(
α · [M 0,n(PX(V ), β˜ + qfX)]
virt
)
= N(q, d, k)[M 0,n(Y, β)]
virt.
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Proof. Since X is a homogeneous space we have that M0,n(X,β) is irre-
ducible. Let h : PC(f
∗V ) → PX(V ) be the map induced by f . The
claim follows from Proposition 5.22 with Y ≃ P1, βY = 1 and the equality
h∗ξPX(V ) = ξPY (f∗V ).
Corollary 5.24. Let d = (d1, ..., dr−1), e = (e1, ..., er−1) with di, ei ≥ 0,
∀ 0 ≤ i ≤ r and
∑r−1
i=1 di =
∑r−1
i=1 ei. Then N(q, d, k) = N(q, e, k).
Proof. In notations as in 5.22, let d :=
∑
di. By [4] Lemma 2.4 there
exists m ≫ n such that there exist Yd, Ye rational curves on G(r − 1,m)
with embeddings id : Yd → G(r,m), ie : Ye → G(r,m) such that i
∗
dS ≃
⊕O(d1)⊕ ...⊕O(dr) and i
∗
eS ≃ O⊕O(e1)⊕ ...⊕O(er). Here S is the dual
of the tautological subbundle on G(r,m). Let X = G(r,m), V = S⊕O and
β = d and let hd : PYd(i
∗
dV ) → PX(V ) and he : PYe(i
∗
eV ) → PX(V ) be the
maps induced by id, ie. Let us apply Corollary 5.23 to id. From the fact
that M0,n(G(r,m), d) is irreducible and the equality h
∗
dξPX(V ) = ξPC(i∗dV ) we
obtain
(p¯X)∗
(
(h¯∗α) · [M0,n(PX(V ), β˜X + qfX)]
virt
)
= N(q, d, k).
Similarly, by applying Corollary 5.23 to ie we obtain
(p¯X)∗
(
(h¯∗α) · [M0,n(PX(V ), β˜X + qfX)]
virt
)
= N(q, d, k).
Comparing the two equalities we obtain that N(q, d, k) = N(q, e, k).
Let us now extend the result to a more general base X.
Setting 5.25. We consider a homogeneous space space P and g : X → P
be a closed embedding of a smooth projective variety X in P. Let V be a
vector bundle on X such that there exists a vector bundleW ⊕CP on P with
V = g∗(W⊕CP) and let p : PX(V )→ X be the associated projective bundle.
In notations as above we have an induced map p¯X : M0,n(PX(V ), β˜+qfX)→
M0,n(X,β).
Definition 5.26. Let V be a vector bundle on a smooth projective variety
X and let i : P1 → X be a closed embedding of a projective line in X. Let
i∗V ≃ O(d1) ⊕ ... ⊕ O(dr−1) for some d1, ..., dr−1 ∈ Z. We say that i
∗V is
positive if di ≥ 0, ∀ 0 ≤ i ≤ r − 1.
Corollary 5.27. In notations as in 5.25, let
α :=
n∏
i=1
ev∗i ξ
ki ∈ A∗(M0,n(PX(V ), β˜ + qfX))
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satisfy condition (37). Suppose moreover that the restriction of V to any
curve of class β is positive. Then we have that
(p¯X)∗
(
α · [M0,n(PX(V ), β˜ + qfX)]
virt
)
= N(q, d, k)[M 0,n(X,β)]
virt,
for some d = (d1, ..., dn) which satisfies
∑
i di = β · c1(V ).
Proof. The proof follows from Proposition 5.22, Corollary 5.23 and Corollary
5.24.
Remark 5.28. In Corollary 5.27 we have shown that we can compute GW
invariants of projective bundles in terms of GW invariants of the base X and
GW invariants of a projective bundle over P1. The latter can be analyzed
using toric methods (see [6], [7]). More precisely, we can compute in this
way GW-invariants of PX(V ) with at least vdimM0,n(X,β) insertions that
are pull-backs from X.
5.5 Costello’s push-forward formula
We can use the basic properties of virtual pull-backs (push-forward and
functoriality) to give a short proof of a particular case of Costello’s push-
forward formula in [5]. We recall the set-up from [5].
Let us consider a cartesian diagram
F
p1

f // G
p2

M1
g //M2
such that
1. f is a proper morphism;
2. M1 and M2 are Artin stacks of the same pure dimension;
3. g is a DM-type morphism of degree d;
4. F and G are DM-stacks equipped with perfect relative obstruction
theories EF/M1 and EG/M2 inducing virtual classes [F ]
virt and [G]virt;
5. EF/M1 ≃ f
∗EG/M2 .
Proposition 5.29. Under the assumptions above, if moreover g is projec-
tive, then f∗[F ]
virt = d[G]virt.
47
Proof. As EF/M1 and EG/M2 are perfect, p1 and p2 induce pull-back mor-
phisms and EF/M1 = f
∗EG/M2 implies p
!
1 is induced by p
!
2. Applying Theo-
rem 4.1 (i) we get f∗p
!
1[M1] = p
!
2g∗[M1]. Using the fact that g∗[M1] = d[M2]
and the definition of virtual classes we get
f∗[F ]
virt = d[G]virt.
Remark 5.30. In [5], Theorem 5.0.1 g is not assumed to be projective. We
impose this condition in order to be able to push-forward along g and apply
Theorem 4.1. If M1 and M2 are DM-stacks then it is enough to assume g
is proper. The proof of Proposition 5.29 applies unchanged to this case.
More generally, Theorem 5.0.1 in [5] follows from the proof of Theorem 4.1
(i) which is very similar to Costello’s proof.
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